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Figure 6. Experimental stability results for shock waves in C02 superimposed on the 
computed (normalized) equilibrium Hugoniot curves. Solid, crossed and open symbols 
show cases classed a~ 'unstable', 'doubtful' and 'stable' shocks respectively. 6. DD 

operation; 0 SD operation. 
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Figure 6. Experimental stability results for shock waves in C02 superimposed on the 
computed (normalized) equilibrium Hugoniot curves. Solid, crossed and open symbols 
show cases classed a~ 'unstable', 'doubtful' and 'stable' shocks respectively. D:. DD 

operation; 0 SD operation. 
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Ae/APh 237 Assignment No.3, January 23, due January 30, 2003 

PROBLEM 1. 

Consider a general Hugoniot curve. Show that if a piston-velocity minimum exists, it must 
lie between the specific-volume minimum and the entropy minimum. 

PROBLEM 2. 

Determine an equation for the Hugoniot curve for a solid with the following equations of 
state: 

e = ec(v) + evT 

P = Pc(v) + cvGT/v. 

Simplify the Hugoniot for moderately strong shocks, Po p, Po ~ PCl eo ~ ec. Sketch the 
curve. 

PROBLEM 3. 

Use the peculiarities of the isotherm at the critical point in order to determine a "law of 
corresponding states" for a van der Waals gas, expressing these two equations with variables 
normalized with their values at the critical point. Determine the boundary of the region in 
vp-space where the fundamental derivative of gasdynamics r is negative. Make a quantitative 
diagram showing this boundary and the saturated vapor boundary. 

PROBLEM 4. 

Consider waves in a retrograde fluid. Explain the cases that may arise when a piston in a 
tube filled with this fluid is first withdrawn (brought suddenly to a speed moving away from 
the fluid) and then suddenly stopped. Draw appropriate Rayleigh lines, xp-diagrams and 
xt-diagrams. 
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Ae/APh 237 Assignment No.4, January 30, due February 6, 2003 

PROBLEM 1. 

In the relation 
Q = Co + CIP + C2p

2 

find the condition that determines whether expansions or compressions steepen. Obtain the 
coefficients Co, CI, C2 for the traffic flow problem in terms of the speed limit, Vm , the average 
vehicle length, L, and the reaction time of the driver-vehicle system, T. Hence show that, 
for this flow, compression waves steepen. Obtain expressions for the density and vehicle 
speed at the maximum flux density_ What can be done to increase the maximum value of 
Q? Which of these measures would drivers like best? Explain. 

PROBLEM 2. 

The unimpeded flux density, Qu in traffic flow may be larger than the corresponding time­
averaged flux density, Qa for cases in which shock waves occur. Consider the case of traffic 
flow with a traffic light of period T", equally divided between green and red. Use the relations 
derived in Problem 1 to find the maximum value of Qa for which the traffic light just does 
not reduce the flux density. Also find the maximum delay imposed on an individual vehicle 
by the traffic light at that condition. Make suitable approximations as you need them. 

PROBLEM 3. 

Make and discuss a gas-dynamical analogy of the traffic-light problem. 

PROBLEM 4. 

The density distribution of a one-dimensional, right-travelling wave is given at a particular 
time by a triangular excursion from a constant value Po- Take the amplitude and length of 
the excursion to be Pa and A. Determine the evolution of the density as a function of time 
and space. 
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Ae/APh 237 Assignment No.5, February 6, due February 13, 2003 

PROBLEM 1. 

By writing dx/dt = u, and expressing u in terms of x/aot in a left-facing centered expansion 
propagating into a perfect gas at rest, find the equation of a particle path in (x, t)-space. 

Hint: 
dx b~ = tbd(X/t

b
). 

dt t dt 
Plot the result and check that it gives the correct maximum speed. 

PROBLEM 2. 

Go through the case distinctions for convergence or divergence of characteristics in simple 
compressions or expansions depending on the value of the fundamental derivative of gasdy­
namics, in the case when the Griineisen parameter is negative. Make a table of the results. 

PROBLEM 3. 

For a certain experiment it is necessary to produce a flow at Mach number 1.5 and density 
2 kg/m3 behind a shock wave in a shock tube. The test gas is air. Determine suitable values 
of the diaphragm burst pressure and the initial shock tube pressure when the driver gas is 
air and all temperatures are initially 300 K. Repeat this for helium driver gas. Comment. 

PROBLEM 4. 

Consider shock reflection from the end wall of a shock tube. Let the Mach number of the flow 
downstream of the incident shock (in the laboratory frame) be M 2 . Show that the reflected 
shock Mach number MR is the reciprocal of M2 . Make a plot of MR as a function of /) with 
the shock Mach number, M s , as a parameter. In shock tunnels, an undesirable feature is the 
reflected-shock-induced separation of the boundary layer generated by the incident shock. 
A rule of thumb for shock-induced separation is that, to avoid it, the shock Mach number 
has to be smaller than 1.3. Is there a realistic range of / where we may expect that a strong 
shock reflecting from an end wall will not cause boundary layer separation? 
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v - Sonic Condition 
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Bild 16. Die speziellen Werte' von a als Funktion von Ml bei 
}' = 1,4; die Symbole geben die a-Werte an, bei welchen in statio­
narer Stromung dcr Ubergang von reguUirer zu Machscher Re­
flexion beo bachtet wurde 
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FlGURE 6. Measured dimensionless Mach stem lengths. The straight lines are least-squares fits to 
the experimental points. The arrows indicate corresponding values of "N' 

'\ 

30°L-----------~__________~____________~__~ 
2 3 4 5 

MJ 

FIGrRE 7. Measured transition angle compared ~vith theory. ~ , Henderson & 

Lozzi (1975); 9 ' our data. 
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conclusions in section 6. 

2. The asymptotic shock reflection problem. The asymptotic shock reflec­
tion problem [11, 12, 14, 20J consists of the unsteady transonic small disturbance 
equation 

(2.1) Ut + (~U2}" + Vy 0, 

U y - V;r ° 
in the half space y > °with the initial and boundary conditions 

if x> ay,
(2.2) u(x,y,O) = { °1 if x < ay, 
(2.3) v(x, y, t) = ° if x> cr(y,t), 
(2.4) v(x, 0, t) = 0. 

Here, x = cr(y, t) is the location of the incident and Mach shocks. The location of the 
incident shock is given by 

2(2.5) x = ay + (~ + a ) t. 

The incident shock strength, as measured by the jump in u, is normalized to one. This 
problem depends on a single parameter a, the inverse slope of the incident shock. 

These equations may be derived by a systematic asymptotic expansion of the 
shock reflection problem for the full Euler equations for weak shock reflection off 
thin wedges [12J. The variables u(x, y, t), v(x, y, t) are proportional to the x, y fluid 
velocity components, respectively, and pressure perturbations are proportional to u. 
The flow is irrotational and isentropic to leading order in the shock strength. 

If the Mach number of the incident shock is M, and the wedge angle in radians 
is Bw, then (2.1)-(2.4) is obtained in the limit M -4 1 and Bw -> 0, with 

(2.6) a= --:::=:== 

fixed. Because of transonic similarity, the asymptotic problem depends on a single 
combination of the incident shock strength and the wedge angle. A regularly reflected 
solution of (2.1)-(2.4) is impossible when a < y'2, and triple point solutions of (2.1), 
in which three plane shocks separated by constant states meet at a point, do not exist. 

The problem (2.1)-(2.4) is self-similar, so the solution depends only on the simi­
larity variables 

Y 
t 

Writing (2.1) in terms of {, 1/, and a pseudo-time variable 7 = logt, we get 

(2.7) u,. ,;ue - 1/u'7 + (~u2) e+ v'7 = 0, 

u'7 - ve = o. 
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FIG. 2. Contour plots of u for increasing values of a, showing the full numerical domain. The 
u-contour spacing is 0.05. 

TABLE 4.1 
Numerically computed values of the size of the supersonic region at the triple point, the triple 

point location, and the strength [U]r of the reflected shock at the sonic point. The shock strength is 
measured by the jump [u] in u. 
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FIG. 3. Contour plots of u near the triple point for increasing values of a. The u-contour 
spacing is 0.005 in (a), and 0.01 in (b)-(d). The dotted line is the sonic line. The regions shown 
contain the refined uniform grids, which have the following numbers of grid points: (a) 620 X 480 i 
(b) 768 x 608i (c) 346 x 260; (d) 245 x 150. 
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FIG. 10. A comparison of u- and v-contours near the triple point for the two solutions shown 
in Figu're 9. The plots in (a) and (b) show u-contours for the solutions computed on the larger 
and smaller domains, respectively} plotted at the same levels of u. The plots in (c) and (d) show 
v-contours for the solutions computed on the larger and smaller domains, respectively, plotted at the 
same levels of v. The dashed line in (a)-(d) is the sonic line. The u-contour spacing in (a)-(b) is 
0.005, and the v-contour spacing in (c)-(d) is 0.001. 
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FIG. 8. A plot of the maximum norm of the residual, showing partial convergence on a sequence 
of grids, followed by convergence on the most refined grid. The sharp local peaks correspond to inter­
polations onto more refined grids. The computation on the most refined grid begins at approximately 
n = 30000. The final stage of convergence to a value for the maximum norm of the residual of less 
than 10-9 is not shown in the plot. 
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FIG. 9. A check of the sensitivity of the solutions to the size of the numerical domain, showing 
u-contours for two solutions computed on different sized domains, for a = 0.5. The full numerical 
domains are shown, with u-contours for the large domain solution (dashed lines) and the small 
domain solution (solid lines) plotted at the same values of u. Contour lines for u and v near the 
triple point for both solutions shown here are compared in Figure 10. 
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Ae237 Non-steady gasdynamics, 2003, Topics covered 

1. 	 Discrete waves in a medium, general shock jump conditions 

2. 	 Causality, stability, relation between Hugoniot, Rayleigh line, isentrope in dependence 
of Griineisen parameter and fundamental derivative 

3. 	 General properties of the Hugoniot, Chapman-Jouguet points 

4. 	 Strong and weak detonations, deflagrations 

5. 	 Phase transitions, normal and retrograde fluids 

6. 	 Sound speed in mixed and vapor phase, expansion shocks, shock structure 

7. 	 Conditions near a critical point 

8. 	 Weak shock theory 

9. 	 Waves in traffic 

10. 	 Viscous dispersion, shock structure 

11. 	 Simple waves in one-dimensional flow, dependence on fundamental derivative, compar­
ison of steady and unsteady waves 

12. 	 Wave interactions, shock tube, up-diagram, tailored interface operation 

13. 	 Evolution of a simple compression into a shock, more wave interactions 

14. 	 Wave interaction with an area change 

15. 	 Interaction of a shock with an area change 

16. 	 Two-dimensional flows, oblique shock, shock reflection from a wedge 

17. 	 Pseudo-steady flow, Mach reflection, case distinctions, information condition 

18. 	 Mach reflection in steady flow, von Neumann condition, dual solution domain, hystere­
sis, information condition again 

19. 	 Double Mach reflection, von Neumann paradox for very weak Mach reflection, resolu­
tion of v. N. paradox 

20. 	 Viscous effects, shock-generated boundary layer, displacement thickness and wall shear 
stress 

21. 	 Viscous effects in Mach reflection 

1 





l.2.,Sk 231­
---t-------- ------------------------------~-- ---- ----------------- ----~------- -------­

V\S~.~~~ ~~ ~'~. 





! 
45· .----~--.____--____, 

0:. 

40" 





THE EFFECT OF VISCOSITY ON THE MACH STEM LENGTH IN UNSTEADY STRONG SHOCK 

REFLECTION 

Hans Hornung 
Insti tut fur Experimentelle Stromungsmechanik 

DFVLR-AVA, 3400 Gottingen, Bunsenstr. 10 

Introduction 

Consider a plane shock wave I travelling from right to left wi th a constant 

speed CIs into a uniform gas at rest relative to an inertial frame. Let the 
shock strike a plane wedge whose leading edge is parallel to the plane of 

the shock, see Figure 1. Let the wedge be at rest relative to the same 

inertial frame. The interaction of the shock wave with the wedge usually 
causes a reflected shock R to be generated. In the situation shown in Fig­

ure 1 this occurs as a so-called regular reflection. The reason for the 

Figure 1 Regular shock reflection viewed from an inertial frame 

fixed in T (left) and from an inertial frame fixed in P (right) 

reflected shock becomes evident when the flow in the vicinity of the 
reflection point P is observed from a frame of reference moving wi th P. In 

this frame the flow is steady in the neighbourhood of P, see Figure 1. In 

region 1, the undisturbed gas moves wi th velocity CI1 towards the shock I. 
It is then deflected towards the wedge surface by I (region 2), and the 

reflected shock performs the function of returning the flow direction to 

the wall direction in region 3. In the reference frame of P the wall also 

has the velocity CI1' of course. 

We consider situations in which the flow is well approximated by the mode1 
of an ideal, viscous, heat-conducting gas with a constant ratio of specif­

ic heats f, shear viscosity lJ, heat conductivity k and density p. Let the 

wall temperature be Tw and a representative reservoir temperature be To' 
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In such situations any global dimensionless quanti ty Q may be expressed as 
a function of five parameters: 

Q Q (q/a, l, pCId/lJ, lJcp/k, Tw/To>' or 

(1) Q Q (M, f, Re, Pr, 

2where c is the specific heat at constant pressure and a = fp/p, P beingp 
the pressure. In the inviscid (and non-conducting) limit this reduces to 

(2) Q Q (M, f) • 

We now return to shock reflection: As the wedge angle is reduced, so that 
the angle (l between I and the wedge surface (wall) is increased, an angle 

(l = (ld(M1 , t) is reached, beyond which it is not possible for the second 

shock to return the streamline direction to that of the wall. The stream­
line direction in region 3 thus has a fini te component towards the wall. As 

a consequence a third Shock, the "Mach stem" S appears, opening up a 
fourth region between the wall and the triple shock point P which now 
lies off the wall, see Figure 2. The-velocities in regions 3 and 4 are dif­

ferent, but the pressures and streamline directions are the same. The 
streamline from the triple point is thus a vortex sheet V in inviscid 

flow. Thi s reflection configuration is called Mach reflection. 

Figure 2 Mach reflection viewed from inertial frame fixed in P. 

The different manifestations of shock reflection are too numerous to be 


di scussed here. The interested reader is referred to (1] and the extensive 

list of references given in it. For our purposes it suffices to treat the 


two configurations illustrated in Figures 1-2, because we wish to single 


out the effect of vi scosi ty. 


In the inviscid limit, the only characteristic length in the problem is d. 


This increases linearly with the time t that has elapsed from the instant 


of contact of the shock with the wedge tip. Hence the geometrical config­


uration of the flow also grows linearly with t if the wedge surface is 

straight and smooth. Flows which exhibit this kind of selfsimilarity are 


called pseudosteady. Their particular feature is that the flow becomes 

independent of time in coordinates which are stretched by dividing the 


t..J 
VJ 

tv 
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space coordinates by t. For inviscid pseudosteady flows the transition 

from regular to Mach reflection occurs at 

(3 ) tt = * <Xd , f). 

The introduction of any second characteristic length into the problem nec­
essarily destroys the selfsimilarity of pseudosteady flows. For example, 
if the gas is so rarefied that the mean free path A is not extremely small 

compared with d, the reflection configuration will look different when it 
is near the tip than when it is far from the tip (see [2], [3]). Indeed, 
this effect is intimately connected with the problem at hand, since the 
introduction of viscosity brings into the problem the viscous length scale 

(4) tv=lJ/(pq), 

which is related to the mean free path by 

(5) i. bA/M,v 

where, for a given gas, b is a numerical constant of order one. 

Consequences to be expected from the introduction of viscosity into the 

problem are therefore: 

1. that 	the angle *<Xv' at which transition from regular to Mach 

*reflection occurs in viscous flow, is different from <Xps (M 1 , n, 
and 

2. that 	 ttv* depends on the additional parameters d/t Re, Pr v 

and Tw/To' 


The first of these effects has been amply confirmed by [4] through exper­

iments conducted with a systematic variation of iv' holding other parame­
ters constant. As regards the second, [ 4] makes the mi stake of not 

recognizing the fact that the destruction of the selfsimilarity through 
the introduction of viscosity means that the transition angle varies with 
the distance from the tip. This is because it had been taCitly assumed that 

the effect of viscosity is local to the reflection, and a local charater­
istic length was sought for the Reynolds number. In [4] the length chosen 
was the length of the Mach stem at observed transition, i.e. the observ­

er's smallest resolvable length. 

This turns out to be an incorrect description of the facts. However, the 
form of the variation of the vi scous effect with tv was correctly 
modelled by [4]. and agrees well with experiment. The mistake was not dis­

covered because both d and the observer's smallest resolvable length were 

constant in the experiments of [4]. 
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i 
T 	 The crucial quantity in the measurement of the condition for transi tion to 

Mach reflection is the length of the Mach stem. The aim of the present workJ
j 
\ 	

is to determine the dependence of this quantity on the parameters in 
equation (1) for Re» 1. 

I 	 The free shear layer 

! 
t Consider the Mach reflection shown in Figure 2. The velocity discontinui ty 
.. of the vortex sheet will be smeared out by the action of viscosity, so that 
! the rotational region grows in thi ckness with di stance along V from the 

triple point P. For laminar flow, this growth will be parabolic. In fact,i 

I such shear layers become unstable after quite short distances and roll up 

into discrete vortices thereafter. This effect may be observed in some ..i schlieren photographs of Mach reflection . 
! 

I The effect of viscous diffusion on the streamline shape in a shear layer in 
the region upstream of the point where the instability manifests itself, 

is to cause a displacement towards the faster side. This displacement may 

be expected to grow as the square root of the product of tv and the distance 
from P. However, in schlieren photographs e.g. of [4J it was not possibleT 

;, to observe any such displacement, the vortex sheet V being clearly visible 

! 
 and having no discernible curvature. In the following, the effect of vis­
+ 	 cosity at the vortex sheet is ignored, because the viscous effect at the
"~ wall produces much larger, and certainly observable angular changes, see ..I [4J. 

r 
The shock-induced boundary layer at the wall.;. 

Consider Mach reflection from a frame of reference fixed relative to the 


l' foot of the Mach stem, point A, see Figure 3. Let us focus attention on the 


flow in the immediate vicinity of A. The velocity of the wall, v ' and of

W 

the gas in region 1, v 1 ' are equal. The Mach stem causes v 4 ' ~~e velocity 
in region 4 to be smaller than v ' For inviscid flow this means that ai 	 w 
velocity discontinuity exists at the solid boundary. In viscous flow this 

t is smeared out to form a boundary layer. In our shock-fixed frame of refer­

t ence the flow in the vicinity of A is steady. The Velocity in the 

shock-induced boundary layer is everywhere greater than the free streamt velOCity v4' If the wall temperature is uniform and equal to the staticJ. 
temperature in region 1, the wall will be colder than the free stream, so 

I 
1 

L 
that the density will also be greater within the boundary layer than in the 

free stream. Hence the displacement thickness of this boundary layer is 
negative. Becker [5J gives a detailed treatment of such shock-induced 
boundary layers. He shows that the di splacement thickness 6* may be 
expressed in the following form for laminar flow. 

f'-' 

" 	 \N1 
j; 	

w 
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(6) 6*/x = (M, 'K, Pr, (t /x) 1/2 ,-f4 v4

where x is the distance from A in the downstream direction along the wall, 

and the subscript 4 signifies that and the function f are to be e:valu­
ated at the conditions in region 4 outside the boundary layer. 

Figure 3 The Mach stem generates a velocity discontinuity which 

is smeared out by viscosity to form a boundary layer. Viewed from 
a frame of reference fixed in A 

Tbe influence of displacement tbickness on Macb stem lengtb 

We now determine the mass of gas that has passed through the Mach stem dur­
ing its traverse of the distance d from the wegde tip, see Figure 2. We do 

this for both the inviscid (pseudosteady, subscript ps) and the viscous 

case. in the pseudosteady case the triple pOint path is straight, and in 

the viscous case it describes a curve of so far unknown shape. Let ~ and 
Lps be the Mach stem lengths in the viscous and pseudosteady case respec­

tively. Since the conditions in region 1 are independent of whether the 

flow is viscous or not, the ratio of the masses ~ and mps swept up by the 
Mach stem in the viscous and pseudosteady case respectively is equal to 

the ratio of the corresponding volumes swept through. I.e. 

(7) mv/mps '" 2S~ Lv dZ/(Lps dl, 

where z = d - xis the coordinate measured from T. 

Now let us obtain another expression for this mass ratio. The mass that has 
been swept up by the Mach stem is all contained in the region pi AB' in the 

pseudosteady case and in the region PAS in the viscous case, see Figure 

4. That is, the vortex sheet V separates the qas that has been processed by 
S from that which has been processed by I and R. We now assume that the 

angle B between 5 and V is independent of viscosity and return to this 

assumption later. We further assume that the conditions in region 4 are 

uniform except for the region occupied by the boundary layer. We also note 

that, if we wished to accommodate the mass mv of gas at the conditions 4, 

T 

v, 

Figure 4 Showing viscous, --, and inviscid flow,-- -, in the 

vicinity of the Mach stem, viewed from a frame of reference fixed 

in A.-·_··, triple point paths 

we would require a volume that is larger than the volume PAB by the dis­

placement volume of the boundary layer, 1. e. by 

Lvtanll 6*dxl = 1 f t 1/ 2 (L tan 11)3/2(8) So 3 4 v4 v . 


Hence, 


mv/~s = [L;tanll +~ f4 t!~2 ( 1l)3/21/(L~stanll)' or 

2
(9 ) ~/mps ::: [L; + ! f 4 (tv4tanll ) 1/2L~/2 /Lps' 


We may now equate (9) and (7) to get 


(10) S~ Lvdz' ::: [L; +! f4 ~/2(R.v4tan 11)1/2]/(2 tanx), 

where the upper limit of integration has been changed from d to z for con­


venience. 


Let us now introduce the dimensionless variables 


(11) I; ::: z/d, g(l;) =Lv/d , g' ::: dg/dl;. 

Assuming that II is independent of tv4 (see later), we substitute (11) 

into (10) and differentiate w.r.t. I; to obtain 

(12) q tan x ::: qg' + a Re-4 
1/ 2 

9 1/2q,, 

where Re = d/tv4 and a = f (tan ll) 1/2. Rewriting (12) in the form
4 4 

(13 ) g' (1 + a Re41/ 2 g-1/2) = tan x, 

N 
i W• +~ 
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we may see that direct integration is possible, giving 

(14) g + 2a Re41/ 2 gl/2 == , tan x + C, 

where C is a constant of integration. Let us choose the boundary condi tion 

g == 0 at, 0 suggested by the fact that, at the wedge tip, the Mach stem 
length must be zero, and return to this choice later. This boundary condi­
tion puts C =O. Solving (14), we obtain 

(15) g ,tanx [ 1 - 2a Re41/ 2/(, tan X)1/2j + O( 1), or 

(16) Lv = z tan x [1 - 2£4 (tan B)1/2 Re41/ 2 /(Z tan x/d) 1/2 J' 

to the accuracy permitted here (boundary layer assumptions). This result 

is shown in Figure 5. It deserves some comment. In the inviscid limit, Re = 
~, it gives the correct behaviour that L.. =z tan x == Lps' In the viscous 

Figure 5 Effect of viscosity on triple point path:----, viscous 

flow; - - -, inviscid flow;-.-.-, according to observer assuming 
inviscid flow;------, by the procedure of [61 

case it predicts that the triple pOint path describes a curve which is con­

cave away from the wall. A tangent to this curve extrapolated back towards 

the tip intersects the wall. In fact, the curve itself intersects the wall 

at z = do. However, this occurs in a region where our asymptotic theory is 
not valid, and where equation (16) does not give a good description of the 

facts, since higher order terms in Re41/2 would become important. A tan­
gent to the curve at a point z = d cuts the surface at a point1 

(17) z =d 2 == f4 (d1 ~v4 tan (I) 1/2 (tan x) -3/2 . 

89 

With the help of [5J and inviscid Mach reflecton theory, the right hand 

sides of (16) and (17) can be evaluated for a given set of the parameters 

M, a', Re, Pr, Tw/To and ... 

Revision of assumptions made 

Three assumptions made in the argument leading to the results of the pre­

vious section need to be discussed. The first is, that the Mach reflection 

is assumed to have existed all the way from the tip, and this assumption is 

contradicted by the results. This contradiction arises because of the lim­

itations of boundary layer theory. Consider equation (17). It is clear 

that do == O( ~v4)' so that the Reynolds number based on do is O( 1). The 
results of the theory are restricted to large Reynolds numbers, so that 

the theory must not be expected to be valid in the region z = O(d )' In the o
 
range z » do the negative contribution to the integrations in (7) and (8) 


which arise from 0 <: Z < do are O(Re41 ). Hence they appear only in higher 

order terms of the asymptotic theory and must be neglected for 

consistency. 

The second assumption was that B is independent of viscosity. To investi ­

gate its effect, consider the angles ifiv and ~ps made by the paths of P and 

pI relative to the wall. In the inviscid case, this is ~ps =x. In the vis­

cous case it is 

~v = [arctan (dLv/dz) Jz=d 

arctan [tanx - f4 (II.v4 tanll tanx/d) 1/2] 

= x - f 4 (lI.v4 tanll tanx/d)1/2/(l'" tan2 x}, 

1/ 2(18) ~v = x - b 1Re4 + O(Re41 ). 

The angle 63 between V and the direction of the triple point path is given 


by the shock jump conditions applied in a frame of reference attached to 


the triple point. Provided that d »d ' it is possible to show that 
o 

2(19) 63v S3ps + b 2 Re41
/ 

The quanti ties b 1 and b do not depend on Re4 . Since2 

(20) II =11/2 - (, + 63 ), 

) Re- 1/2(21) Ilv= II + (b -bps 1 2 4 . 

Hence the error in B incurred by the assumption is O(Re41/2 ). Since B only 

Occurs in a term O(Re41/2 ) in the results, the assumption is valid in the 
asymptotic sense. 

N 
W 

'\ 
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The third assumption was that the conditions in region 4 are independent 
of viscosity. By considering the speed of the Mach stem in the two cases 
from a frame of reference fixed in the wall, it may be seen that thi sis not 
quite correct. In all our considerations we took the viscous and inviscid 
Mach stems to be at the same position, see Figure 4. Since the viscous Mach 
stem is shorter, it must lag behind the inviscid one, however, because the 
incident shock is in the same position for both cases. The separation of 
the Mach stems is 

(22) A"" (L - Lv) tan(a'" x),ps 

so that this too is O(Re41/ 2 ), see equation (16). An error in the free 
stream conditions of this order affects the di splacement thickness only in 
higher orders, so that again, the assumption is valid in the asymptotic 

sense. 

The experimental evidence 

Apart from the experimental results of [4] which support the parabolic 
dependence of the viscous effects on Reynolds number, there are two items 
of evidence worth noting here. 

The first is in the experiments of Henderson and Gray [6] who showed that 
the measured shock and vortex sheet angles did not agree with the shock 
jump conditions if the triple point path was assumed to be a straight line 
through the wedge tip. They adjusted the slope of the triple point path to 
minimize the discrepancy. The resulting triple pOint path was found to cut 
the wedge surface. This is in agreement with the behaviour described by 
equation (16), and equation (17) gives a quantitative expression for the 

intersection point. 

The second item of evidence is the behaviour of the Mach stern length in 

rarefied gas flows. Such flows have been examined by Walenta [2] and 


Schmidt ! 3], who found that the triple point path emerges from the surface 

at a distance from the tip which is of the order of 100 L In unpublished 

work, Walenta relates this effect to the dependence of the speed of shocks 


of finite thickness on shock curvature. It is likely, however, that it is 

at least partly due to the effect of shear viscosi ty at the wall. 


Conclusions 

An asymptotic theory for large Reynolds number is presented, which yields i 

I 
!an expression for viscous and heat conduction effects on the triple point 

path of Mach reflection. The result predicts that viscosity and heat 

I
\ 

transfer to the wall cause the Mach stem length to be reduced by an amount 
which increases as the square root of the distance from the tip of the 
reflecting wedge. Some qualitative features of this solution are con­
firmed by independent experiments. The results are of considerable impor­
tance in the interpretation of experimental results on Mach reflection. 
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